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Self-Alignment Techniques for Strapdown Inertial

Navigation Systems with Aircraft Application

KenNeTH R. BRITTING® AND THORGEIR PALSSONT
Massachusetts Institute of Technology, Cambridge, Mass.

One of the more critical problem areas in the application of strapdown inertial technigues
to the navigation of commercial aircraft is that of initial alignment. A two-stage self-align-
ment scheme that appears promising in this regard is explored. The first or *“coarse’’ align-
ment stage utiiizes the measurement of the gravity and earth rotation vectors to directly
compute the transformation matrix relating the body frame to a reference frame. A
linearized error analysis is presented. The second “‘fine”’ alignment stage corrects the initial
transformation estimate by supplying a base motion compensated angular velocity signal to
the transformation computer. This correction signal is computed by using estimates of the
error angles between a known reference frame and the corresponding computed frame.
Kalman filtering techniques are used to implement this technique and an error analysis is

presented.
Nomenclature
C = coordinate transformation matrix
f = specific force vector
of = uncertainties in the measured specific force caused by
the accelerometer uncertainties and the distur-
bance accelerations
(u)f = accelerometer bias
g = gravity field vector
L = geographic latitude
M = constant coefficient matrix
m = measurement vector
om = error in measurement vector
sme = random measurement bias
v = uncorrelated noise vector

en,emep = misalignment angles between the n and n’ frames
about the positive north, east and down axes,

respectively

€x, €€, = misalignment angles between the b and b’ frames
about the positive z, y, and z body axes, respec-
tively

e = misalignment angle vector

de = uncertainties in the measured error angles

e(t;=) = wvalue of misalignment angle before update

e(t;¥) = value of misalignment angle after update

E = skew symmetric form of misalignment angles

wie = Earth angular velocity vector

(w)w = gyro drift

Sw = uncertainties in the measured Earth angular velocity

Q = skew symmetric angular velocity matrix

8( ) = Dirac delta function

R = covariance matrix of v

Sub/superscripts

b = body coordinate frame

b’ = computed body coordinate frame

d = disturbance quantity

i = ipertial coordinate frame

n = geographic coordinate frame

n' = computed geographic coordinate frame

N,E,D = components of vectors resolved in geographic co-

ordinate frame
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Z,Y,2 = components of vectors resolved in body coordinate
frame

T = {ranspose

* = orthogonalized quantity

Vs

() = arc length measure

() = mathematical expectation

M) = estimate value

Introduction

HE current interest in analytical or strapdown inertial

navigation systems for aircraft application iz directly
attributable to the revolution in computer technology that
now allows solution of the navigation equations with a ma-
chine whose physical characteristics are compatible with
aircraft requirements. The conecepts involved in the design
of such a system have been thoroughly explored in the
literature®:? whereas the error analysis and detailed applica-
tion is a subject of current research.®>—5 Analytic systems
offer the posibility of higher reliability than present gimballed
systems since redundancy can be provided at the component
level rather than at the subsystem level. Thus, the an-
alytic inertial navigation system, augmented by appropriate
navigation aids to bound the inherent long term error, is
recelving serious consideration for application in the ad-
vanced supersonic transport.

One of the more critical problem areas in this application
is that of initial alignment within the environment and time
constraints imposed by commercial aircraft operation.
That is, the system must be aligned within the necessary
tolerances in the short period of time necessary for com-
mercial success of the aircraft in the face of deleterious
motions of the aircraft caused by wind gusts, the loading of
passengers and cargo, fuel ingestion, ete. This paper will
explore a two stage alighment technique that appears to
be promising in this regard. The problem of alignment in a
strapdown inertial guidance system is basically that of
determining the transformation matrix, that relates vectors
in the instrumented body coordinate frame b frame to the
same vectors expressed in inertial coordinates 7 frame or
equivalently, in some other computation frame. Two
methods for self-contained alignment will be considered here.
Both of these use the fact that two vectors uniquely deter-
mine the transformation matrix between two coordinate
frames, if they are known in both frames and are not co-
linear. The two procedures are as follows.
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Analytic Alignment

The transformation matrix is computed directly using the
knowledge of g and ., l.e., the gravity and earth rotation
vectors, in the two frames. These vectors are known in the
inertial frame to the accuracy of the time measuring device
used. The body frame coordinates are measured by the ac-
celerometers and gvros and therefore contain instrument
uncertainties.

Corrective Alignment

If it may be assumed that some estimate of the transforma-
tion matrix is available, then this initial matrix can be cor-
rected by feeding an appropriate rate signal to the trans-
formation computer. This correction signal can be com-
puted by using estimates of the error angles between a known
reference frame and the corresponding computed frame.

For either alignment scheme, the instrumented frame is
taken to be stationary with respect to the Earth, except for
disturbances that occur due to wind gusts or loading and
unloading of the vehicle. However, no data is available at
this time on the motion of such or a similar aircraft due to
wind gusts and other disturbances on the ground. The two
methods will now be treated in detail.

Analytic Alignment
Description

It is convenient to split the transformation between the
b and 7 frames into two parts by using the local vertical or
geographic coordinate system n frame, as an intermediate
frame. The transformation of the specific force vector f
can then be visualized as shown in Fig. 1, where the vector
superseript refers to the coordinate system in which the
vectors are resolved. The transformation C,% 1ie., from
n frame to 7 frame, is known as a function of time for any
given latitude and longitude. The transformation Cy» re-
mains to be determined. The C,» matrix can be found by
the estimation of two vectors; namely, the earth rate vector
i and the gravity veetor g in the two frames of interest.
For the body frame these vectors are obtained by the gyros
and the accelerometers, respectively, and in the navigation
frame they are known and constant, which makes this frame
a convenient reference. The gravity and angular rate
vectors transform according to the following expressions:

gt = CJg", w2 = Clou”
If visdefined asvy = g X w,,, we also have
ol
vb = Chnvn

Since Cyv = (C,2) 7 = (C2)T these three vector relations can
be written

C = (m; By I Y 1

(g)* ‘ (®)"
o -
<w> v L
Thus, the alignment mairix is uniquely defined provided that
the inverse indicated provioudy exists.  This inverse exists
if no one row of the matrix 1s a linear combination of the
remaining rows. This condition is always satisfied if the two
vectors g and w; are not collinear. These vectors coincide
only at the Rarth’s poles, where the analytie alignment pro-
cedure 1s useless. For the general case, the inverse in Eq.
(1) 1s given by
@mHr |1 0 0 g
(o:™)7 = | wi cosL 0
{ymy7 0 gowi. cosl 0

— ., sink.
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Kasper® shows that for fixed base alignment, the analytic
scheme compares favorably with the existing optical align-
ment methods.

Fig. 1  Specific force ®© on © o 1t
transformation. ° !

In the present case, however, its performance deteriorates
because of the angular disturbance vibrations and accel-
erations. The effect is two-fold; first, the disturbances
corrupt the measurements of g and @, since the measured
quantities are

f=g+1,
Op = Wi + ©4

where d indicates the disturbance quantities; secondly, gb
and ;» become functions of time to some extent. This
can be seen from the fact that since @, = 0,
0id = — Qb0

where the elements of the skew symmetric matrix Q,> are
given by the components of wy It is, therefore, necessary
to Introduce some filtering in order to reduce the effects of
these vibrations. A simple low-pass filter could be used to
obtain the average values of the measured quantities. This
would tend to give the average alignment matrix. It is
clear, however, that the instantaneous position of the body
frame ecan vary considerably from its average position, de-
pending upon the motion of the aircraft. As a result, a
large initial misalignment could exist when the system is
switched to the navigation mode of operation if only an av-
erage alignment were achieved. If the statistics of the air-
craft vibrations were available, a more elaborate optimal
filtering scheme could be constructed. However, it could
prove difficult to separate the perturbations of w;? and gb
from the disturbances o, and f; by linear filtering, since it
18 very likely that these components contain the same fre-
quencics. In addition some time lag would be introduced
by the filter. The analytic alignment method is therefore
mainly uscful as an average alignment, which is a rapid
way of obtaining an initial estimate of the transformation
matrix.

Error Analysis

An error analysis for this alignment scheme, that takes
into account the effect of instrument uncertainties and base
motion is not readily amenable to analytic methods. The
analysis that follows is intended to indicate an approach that
will result in equations that are best solved on a digital com-
puter. The equation for Cy» can be written in the form

C;» = MQ 3)
where
g7 (#
M = | (@) and Q@ = | (0a?)7
(vm)T (w7

The elements of M arc constant at any latitude and are given
by Eq. (2), but Q contains measurement uncertainties. The
above equation can therefore be written as

G = M(@Q + 6Q)

where
of ofs  ofy of.
0Q = | bo? | = | dw. dw, Odw. (4)
ov? év. Ov, Ov.
—t (1)/g) tanL (1 /w;.) seel 0
= 0 0 (1/gw;e) secL (2)
1/g 0
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Fig. 2 Self-corrective alignment scheme.

Thus, C*s = C»', C» = (I + MSQC,*)Cy», which shows that

= (I + MsQ C.) (5

If the lengths of the measured vectors gb, @, and v and
the angles between them are required to be constant, then
the matrix M6QC,> must necessarily be of the skew sym-
metrical form

0 €Ep —€x
MoQC.t = | —ep 0 ev | = —E.

€ —e€y 0

When Egs. (2) and (4) are substituted into Eq. (5) the
resulting MéQC,* matrix is of course, not in the desired
skew symmetric form, since

(8v./gw.s) secL
of=/g

[(Bf,/g) tanl + (bw./w) seel:  (8f,/g) tanl + (dw,/w:) secl  (8f./¢) tanl + (6w./wic) secL:i
MsQ =

where
Oy, = g,0w, + w.0f, — g.bw, — w,0f.
Oy, = 0w, + wif, — g.0w. — w.0f.
8. = g.0w, + wbfe — g,00. — w8fy

Moreover, it is difficult to directly apply the constraints that
the lengths of the measured vectors and the angles between
them be constant. This problem is resolved in a practical
manner by requiring that the computed transformation
C,*' be orthogonal. This is accomplished by setting*

C* = Crh[(C»y)T (Cy) ]2 @

where C* ~ optimal orthogonal approximation to C~ in the
sense that trace (C* — Cr/p)T (C* — C+’,) is minimized.
Since from Eq. (5),

Cry = (I 4+ MéQ C.2) Cp»
then
C* = (I + M8QC,) Cr(I + 6QTMTCy» + C,> MoQ) V2

where products of error quantities have been neglected. If
the square root is expanded in series, there results

C* = [I + 3(MéQC,} — G~ 8QTMT)1C,»

which is, by inspection, in the desired skew symmetric form.
Unfortunately, for arbitrary orientation of the b frame
relative to the n frame, the analytic expressions for the
misalignment angles as a function of the instrum
certainties are quite messy and not readily amenable to
physical interpretation.

A particular simple result emerges if the body frame is
taken to be aligned with the local geographic frame Cy» = 1
In this case, it was found that

0 - 61)* GE*
C* = «I — €p 0 —ex* Cy» (9)
—EE* GN* 0

(6v,/gwic) seels
ofu/q of-/q
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where ¢* 7 = N,E D are the misalignment angles which
result after the orthogonalizing procedure and are given by

ex* = "“‘ify/g
ex* = 1 [(6f./9) — (0f./9) tanL — (8w./w:.) secL]
* = (8f,/¢) tanL + (8w, /w:.) secL

Thus, it is seen that one can expect to see a north level error

N
of about 3.4 min/mg east accelerometer uncertainty. The
east level error due to north accelerometer uncertamty is

1.7 mm/mg, to azimuth accelerometer uncertainty, 1.7 min
/-\

tanL/mg; and to azimuth gyro uncertainty 1.7 min secL/
meru. The azimuth error angle due to the east acceler-

N
ometer uncertainty is given by —3.4 min tanL/mg, and due

N
to east gyro uncertainty is given by —3.4 min secL/meru.

If these results are compared with those that would be ob-
tained with an acceleration coupled platform gyrocompass,®
it is seen that the north level error ey* is identical to that
which would be obtained using a platform gyrocompass.
The east level error ez* contains additional terms because of
the orthogonalizing procedure that are functions of the
vertical accelerometer and azimuth gyro uncertainties.
Finally, the azimuth error ep™® is seen to be identical for the
two gyrocompassing systems.

It is also interesting to compare the results of Eq. (9)
with those which would be obtained if the instrument package
could be rotated such that two accelerometers were nulled

(8v./gwis) secL (6)

and the angular veloeity about indicated east were zero.
In thissituation, the conditions for equilibrium are found to be

6fy + gevy = 0, 8f: — geg = 0

Bw,, — Wie COSL €p — Wie SinLéz\' = 0

These results are seen to be the same as those obtained for
the acceleration coupled gyro compass of Ref. 9.

Corrective Alignment
Description

This procedure can be mechanized in the following manner,
using the local vertical navigation frame as a reference
frame (see Fig. 2). As before the transformation consists
of two steps; i.e., from the instrumented body frame b
to the navigation frame n and then to the inertial frame
used for computations.

It is assumed here that an initial estimate of the trans-
formation matrix is available that corresponds to a small
angle misalignment of the computed and actual reference
frame. The method, basically, consists of detecting the error
angles between these two frames via the processed acceler-
ometer and gyro signals and generating a signal to the trans-
formation computer in order to reduce these angles as close
to zero as possible. At the same time, compensation must be
provided for the disturbance angular vibrations similar to
the base isolation of a gimballed platform system. This is
accomplished by feeding the measurements of @/ to the
transformation computer as shown in Fig. 2. The trans-

formation matrix C/; is updated using the relation
C"’b = Cy Q. (10)

where Q.. is a skew symmetric matrix of the angular
velocity w.nb, that is fed to the transformation computer.
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This angular velocity signal would ideally be
W = Oend® + 0L

where @ms is the computed correction signal and o, com-
pensates for the vibrations of the instrumented body frame.
In Fig. 2 . is obtained by subtracting «?’:, from the total
angular velocity, but since o . is not equal to w.? and the
signal, in addition, contains the gyro drift (w)o®, @b becomes

0 = Oemd + 0f — Brod + (W) (12)

Here, E? is defined as the skew symmetric matrix of the
misalignment angles between the actual and computed body

frames, b and b’
0 —e €y
Er = € 0 —e
—€y € 0

The error angle equations can now be derived; substituting
the skew symmetric form of Eq. (12) into Eq. (10) yields

Error Analysis

Cr'y = Cv Qg + CyQp — C3Qu5 + Cry(w) @ (13)

where 6Q;} is the skew symmetric form of Etw:.?. Noting
that
Cry = CorCyr 4 G Gy
and
Cor = CprQ (14)

since the b frame rotates with an angular velocity of w, with
respeet to the » frame, Eq. (13) then becomes

C,Cpr = Cv Qs — Cd0Qup + CH(  (15)

Using the fact that C»’, = I — E» and E» = C,E¢C,?,
FEq. (15) reduces to

E' = ~ Q.2 — (W@ + 6Q.0 (16)
or equivalently for E»
E" = Qo — (W)Q" + §Qu a7

where higher-order terms have been neglected.

In order to drive E* to zero, @e..*” can be chosen to be a
linear function of the measured estimate of E». The vector
form of Eq. (17) then becomes

e+ Ker = —(w)or — Qi en (18)

where K remains to be specified, and  indicates an estimate
of &5 (¢ = & + d¢). It is noted that the three scalar equa-
tions are coupled through the term Q. e

The error angle vector, e» must now be measured. A direct
indication of the three components can be obtained from
the computed horizontal components of g and the computed
east component of ;, which are approximately propor-
tional to ex, €x, and ep.  Specifically, since

fr', = Cifp = I — Enfr = I — Ev[f, + f.» + (wi*]
and f» = (0,0,9), then
fv' = —gex + Ofw (19a)
J&' = gey + dfx (19b)

where 8fy and 8fx represent the uncertainties in the computed
north and east specific force components that are caused by
the accelerometer uncertainties and the disturbance ac-
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celerations. In a similar fashion, the computed east com-
ponent of Earth rate is given by

wg’ = —w; cosL(ep + ex tanl) + dwx (19¢)

This arrangement for the extraction of £ is shown in Fig. 2.
Alternatively, the vector products of the measured and
actual vectors, g= X f»’ and w." X "', could be used to
indicate the misalignment.

It is now necessary to determine the form of the K matrix
in Eq. (18). Assuming for this purpose that no uncertainties
exist, Eq. (18) becomes

e = —Q e — Ken (18a)
which can be identified with the general form
x=Fx+u (20)

where x = ¢, F = —Q,», u = —Ke». One way of de-
termining K is to define a cost function of the form

J=1 ft‘” (x7Ux 4 u"Wu)d! 1)

where {; 1s the starting time of the process, and U and W are
positive definite weighting matrices which will be chosen to
to be constant here. The task of U and W is to insure that
x and u remain within acceptable levels. Bryson’ suggests
that a reasonable choice for U and W may be

1 1
Tim 0 0 [um 0 0
1 1
U = 0 22 0 |andW = 0 é,.z,;‘l 0
1 1
0 0 1'37,‘2 0 0 U3m2

Xip, and w,,, are the maximum acceptable levels of the state
and control.

It can be shown’ that in order to minimize the performance
index, K should have the value

K=W+1S§ (22)
where 8 is the solution of the steady-state Ricatti equation
SF 4 F'S - SW-S +U =0 (23)
where
0 —w. sink 0
F = | wisink 0 Wy COSL
0 —w, cosL 0

Equation (23) must in general be solved by numerical
method. Another way of determining K is to require that Eq.
(18) become uncoupled. This can be done approximately sinec
®i.* 18 constant for a given latitude, so by choosing the off-
diagonal terms of K equal to the corresponding terms of the
skew symmetric matrix — Q-+, Eq. (18) becomes

£+ Kper = —(w)or — Kder (24)

where K, = K + Q= a diagonal matrix.

The effect of measurement uncertainties and gyro drift
on ¢ 18 then, neglecting the weak effect of the off-diagonal
terms of Kée:

g+ Kyen = —(wor — K der (24a)

It the statistics of the disturbances wq and f; were known,
it would be possible to construct a filter that separates the
signal from the noise in some optimum way. A low-pass
filter that approximately averages the input, may attenuate
wq sufficiently, but since (W)wy, (w)f., and (u)f, are expected
to be very nearly constant during the alignment there will
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Fig. 3 System
error model.

be a steady-state alignment error due to gyro drift and
accelerometer bias.

Filtering

The main problem in the alignment process i3 to obtain
sufficiently good estimates of the error angles. After such
an estimate has been made, the transformation matrix can be
corrected almost instantaneously (assuming small angles).
This suggests that the updating could be performed dis-
cretely rather than continuously. The in between intervals
would then be used for the estimation process. The correc-
tion signals would consist of the angular rotations about
each axis needed to align the two frames in question. The
error equation in this case 1s

= —Qurer — (Wor (25)
between updates and
en(l;*) = en(t;7) — L) (26)

at the update time ¢, The length of the interval depends
on how much time is needed to get a satisfactory estimate
of the error angles. If; in the estimation of e, for example,
wa, = .1 sinwt, the average @4, 1s zero, but the computed
average would be

R T .
Wy, = %’fo A sinwtdt = Zir % [1 — coswT]

In this case, T would therefore have to be long enough com-
pared to 7 = 27/w, to bring this average reasonably close to
zero. The filtering time thus more or less determines the
alignment time. Note that even without any disturbances
some filtering is necessary because of Instrument noise.

Instead of a simple averaging procedure, a more complex
optimum filtering technique could be used. If it may be
assumed that the disturbances and instrument uncertainties
are Gaussian, a Kalman type filter can be constructed for the
estimation of the error angles. As an example, the instru-
ment uncertainties are assumed to be a normally distributed
random constant while the external disturbances are taken
to be exponentially correlated and can be represent>d by
passing uncorrelated noise through a first-order system.
The modelling of these correlated signals effectively increases
the order of the system such that the instrument uncertain-
ties and external disturbances are now system state variables
whose estimates are obtained in addition to the estimates of
¢7. This expanded system is shown in Fig. 3, where

m = {fp' v wu'}

g 0 0
H = 0 —g 0
—wi, sin/. 0 —wi cosl

and
v()vr(r) = Ré(t — 1)
Since the measurement uncertainties ém are correlated the

application of Kalman filtering is somewhat modified.!?
It can be shown that the appropriate form of the filter in
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Fig. 4 Optimum
{inear filter.

this case 1s represented by Fig. 4, where

B —Q. 110
x=| o ;F=| 0 100
om 0 0M

H, = [-H Q,"HM)]
and K and K are determined by the equations
K = (PH,” + B)R™!
K = t’I‘IfII{71
o
B = GR G=|0
where I

P=(x—%@x—x"
and 1s found by solving the differential equation
P = FP + PF’ + GRG” — KRK"

when P(fy) = P, is a known initial condition matrix. The
estimated values X would then be used to periodically up
date the transformation matrix and with estimates of instru-
ment uncertainties available compensation for these error
sources could be provided. Obviously this technique re-
quires a considerable amount of calculations in order to
obtain the gain matrix K. Lack of information on the vi-
bration statisties makes it unrealistic to pursue this approach
further at this time.

Alignment Time and Accuracy

Without any uncertainty in the measurement of the mis-
alignment angles and with decoupled error channels the
governing equations are

& + ke = —(Ww, J=NED

The time constant is 7; = 1/k;.  Thus, k; would be chosen as
large as practical in this case and the alignment time could
be made very short. A large k; also gives a small steady-
state value of ¢ since

€ = — (Waj/k;

However, ¢ cannot be obtained without uncertainty in a
practical situation. The alighment time therefore mainly
depends on the time needed to make a satisfactory estimate
&, and to a lesser extent on the initial value of ;. The time
needed for the estimation on the other hand, depends upon
the frequency content of the measurement noise. If only
the constant component of the uncertainty is taken into
account, the uncertainty in the azimuth error measurement
is given by

dep = (Wwr/wi cosl, + tan(l) (w)fr/g
and the total steady-state azimuth error becomes
€ngs = —(Wawn/kp + (Wawr/w:. cosL + tanL [(w)f5/g]

The level error can be found in a similar way and the steady-
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state error due to aceelerometer bias and gyro drift are

= —(u)wN/ky —_ (u)fE/g
—(Wwr/ky + (W) f~/g

€Ngy

€hss

Conclusions

It has been shown that the analytic method of alignment
is mainly useful for obtaining an average transformation
between the two frames. Since no linearization has been
used, this method is well suited for calculating an initial
estimate of the transformation matrix.

The second method, that has been analyzed by linearizing
about the true alignment position, is better suited for fine
alignment, since compensation for the disturbances is pro-
vided in addition to the alignment control.

In both cases, the alignment time is dependent on the
time it takes to filter the measurement noise satisfactorily
from the signal.  Analogous to the physical gyrocompass, the
accuracy that can be achieved is determined by the gyro
drift and accelerometer bias.

A logical way of combining these two methods is to use the
first one to compute an approximate initial alignment matrix
that is then refined by the second method.
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